Measuring the masses of protoplanetary disks is crucial for understanding their planet-forming potential. Typically, dust masses are derived from (sub-)millimeter flux density measurements plus assumptions for the opacity, temperature, and optical depth of the dust. Here we use radiative transfer models to quantify the validity of these assumptions with the aim of improving the accuracy of disk dust mass measurements. We first carry out a controlled exploration of disk parameter space. We find that the disk temperature is a strong function of disk size, while the optical depth depends on both disk size and dust mass. The millimeter-wavelength spectral index can be significantly shallower than the naive expectation due to a combination of optical depth and deviations from the Rayleigh-Jeans regime. We fit radiative transfer models to the spectral energy distributions (SEDs) of 132 disks in the Taurus-Auriga region using a Markov chain Monte Carlo approach. We used all available data to produce the most complete SEDs used in any extant modeling study. We perform the fitting twice: first with unconstrained disk sizes and again imposing the disk size-brightness relation inferred for sources in Taurus. This constraint generally forces the disks to be smaller, warmer, and more optically thick. From both sets of fits, we find disks to be ∼1-5 times more massive than when derived using (sub-)millimeter measurements and common assumptions. With the uncertainties derived from our model fitting, the previously measured dust mass-stellar mass correlation is present in our study but only significant at the 2σ level.
INTRODUCTION
Protoplanetary disks of gas and dust around young stars are the birthplaces of planets. Measuring the properties of a representative sample of these disks is necessary to interpret the diversity of observed planetary systems and constrain models of planet formation.
The masses of protoplanetary disks are arguably their most important property with regard to the number and types of planets they may form. Absolute measurements of disk masses can be compared with the masses of known exoplanets (Najita & Kenyon 2014) or the minimum-mass solar nebula (Weidenschilling 1977; Hayashi 1981; Desch 2007) to assess whether the disks could form planets like those in our solar system. Measurements of disk masses relative to each other are also important for identifying correlations with other disk properties (e.g. Tripathi et al. 2017; Tazzari et al. 2017) and stellar properties (e.g. Andrews et al. 2013; Pascucci et al. 2016; Ansdell et al. 2017; Eisner et al. 2018 ).
While dust is thought to comprise only ∼1% of the protoplanetary disk mass (based on the dust fraction of the interstellar medium), it is the reservoir from which terrestrial planets and the cores of giant planets form. Thus, measurements of dust masses are crucial for assessing planet-forming potential. Furthermore, dust dominates the opacity of disks, meaning that observations of disks are more sensitive to the dust than to the gas component. Measurements of disk gas masses are subject to additional model-dependent complications, and disk gas-to-dust mass ratios remain uncertain (Williams & Best 2014; Miotello et al. 2016; Bergin & Williams 2018) . In this study, we focus exclusively on measuring disk dust masses.
The dust mass of a disk is often calculated from its brightness in the (sub-)millimeter according to the analytic relation (Hildebrand 1983; Beckwith et al. 1990) . Here F ν is the measured (sub-)millimeter flux density, d is the distance to the disk from Earth, κ is the dust opacity at the observed wavelength, and B ν (T dust,ana ) is the Planck function at the average dust temperature. While computing dust masses with Equation 1 is common practice (e.g. Andrews & Williams 2005; Andrews et al. 2013; Carpenter et al. 2014; Eisner et al. 2016; Pascucci et al. 2016; Eisner et al. 2018) , this method requires that specific values for the dust opacity and temperature be chosen. The relation is also predicated on the assumption that the disk is entirely optically thin to its own thermal emission at the observed wavelength. Throughout this paper, we will refer to the dust mass derived using Equation 1 as the "analytic" mass.
The dust temperature used in Equation 1 (which we will refer to as the "analytic" dust temperature) is sometimes taken to be 20 K. Another common approach is to scale the dust temperature with the luminosity of the host star, as in the relation
used by Andrews et al. (2013) . A more complete understanding of protoplanetary disks can be acquired by examining their spectral energy distributions (SEDs). The near-IR emission, or lack thereof, reveals the location of the disk's inner edge. The brightness in the mid-IR, where the disk is typically optically thick, traces the temperature of the disk surface. The shape of the SED from the mid-to far-IR indicates the vertical structure of the disk. The slope (spectral index) at long wavelengths can reveal the dust grain sizes, providing a more informed estimate of the dust opacity.
While first-order metrics of a disk SED-such as the spectral index between pairs of wavelengths-can serve as a basis for classification and relative comparison (e.g. Lada 1987 ), a model that can reproduce the entire SED is preferable for relating the SED to the underlying physical properties of the disk. The simplest commonly employed model is a "flat disk", where the dust surface density and temperature radial profiles are modeled as separate power laws. Flat-disk models, however, cannot constrain the disk's vertical structure, nor do they reflect the coupling between the disk structure and temperature. More sophisticated analytic models, such as the two-layer flared-disk model by Chiang & Goldreich (1997) , are also commonly used.
Radiative transfer modeling provides a more robust approach. In such models, photons from the central star are propagated into a specified dust distribution, defined on a cell-based grid. The temperature of the dust in each cell is computed by simulating the absorption and reemission of photons by the dust, and the simulated SED or image reflects the propagation of radiation out of the disk. This technique models the dust temperature and optical depth in a realistic manner, making it particularly useful for assessing the assumptions used in the analytic approaches. In Section 2, we employ radiative transfer models to explore the effect of various disk parameters on the observable SEDs and properties of disks that are crucial for accurately measuring their dust masses (opacity, temperature, and optical depth).
Protoplanetary disks exhibit a diversity in their mass and other properties, and insights into planet formation can be made by exploring patterns in that diversity. To do so requires analyzing a large sample of disks with a coherent modeling framework. In Section 3, we fit radiative transfer models to a large sample of disk SEDs in Taurus-Auriga. At ∼140 pc, Taurus is one of the nearest star forming regions. It is frequently targeted for observation, yielding well-sampled SEDs for most of its disk-bearing members. In Section 4, we discuss the broader implications of our findings, and in Section 5, we summarize our results.
RADIATIVE TRANSFER MODELS

Disk Model Setup
Our disk model is azimuthally symmetric with a radial surface density profile following
from an inner edge r in to an outer edge r out = 10 r c , where r c is the characteristic disk size. Equation 3 is the profile predicted for a viscously accreting disk with viscosity varying as a power law with disk radius (LyndenBell & Pringle 1974; Hartmann et al. 1998) . We fixed the radial profile index to γ = 1 for all models, as γ ∼ 1 has been found by analyses of disks resolved at (sub-)millimeter wavelengths (Andrews et al. 2010; Tazzari et al. 2016) . Varying γ within reasonable bounds has a negligible effect on the SED , and independently constraining γ requires spatially resolved disk observations. The normalization, Σ 0 , is linked to the total dust mass as
When r in r c and r out r c , Σ 0 ≈ M dust (2 − γ) / 2πr 2 c . The volume density of dust follows
with scale height
Here H 100 sets the overall vertical extent of the disk, while β, the "flaring parameter," determines how the scale height varies radially. Note that r and z in the preceding relations are cylindrical coordinates. In theory, the disk vertical structure is set by hydrostatic equilibrium, so it could be determined selfconsistently from the disk temperature profile computed by radiative transfer models. Indeed, some previous studies have adopted this approach (e.g. Dullemond & Dominik 2004; Mulders & Dominik 2012; Hendler et al. 2017) . However, hydrostatic equilibrium only applies to the gas component, whereas radiative transfer calculations compute the dust temperature, so typically, the gas temperature is simply set equal to the dust temperature. Furthermore, the vertical distribution of the dust may differ from that of the gas due to, e.g., dust settling, which requires one or more additional free parameters to implement in the model. In practice, using hydrostatic equilibrium requires multiple iterations of radiative transfer calculations to find a self-consistent model, which makes the approach more computationally expensive. For these reasons, we opt to ignore the gas component and simply model the dust distribution directly.
Models of disk SEDs often use a power-law prescription for the spectral behavior of the dust opacity κ(λ). While a single power law may be a good approximation of the real dust opacity at (sub-)millimeter wavelengths, it is less accurate at shorter wavelengths. Furthermore, independent parameters are often used to set the amplitude and slope of the power-law model. In reality, these parameters are correlated and determined by the more fundamental properties of the dust grains (e.g. sizes and compositions).
For our modeling, we computed the dust opacity, κ(λ), with the DIANA Project Opacity Tool 1 . This code uses the optical constants of amorphous laboratory silicates (Mg 0.7 Fe 0.3 SiO 3 ; Dorschner et al. 1995) and amorphous carbon (BE-sample; Zubko et al. 1996) . It uses the distribution of hollow spheres method (Min et al. 2005) , for which we set the "irregularity parameter" to the default value of V max hollow = 0.8. We fixed the grain composition to the default mixture of 60% silicates, 15% carbon, and 25% porosity (vacuum) . The amount of carbon in protoplanetary dust is not well constrained, but based on solar system estimates, the silicate/carbon ratio is often assumed to be roughly a few (Min et al. 2011) . A porosity fraction of 25% has been shown to give good agreement with more realistic aggregate grain models ). We do not explore the effect on the disk SEDs of varying the grain composition, but this has been investigated in other studies (e.g. Miyake & Nakagawa 1993; D'Alessio et al. 2006; Woitke et al. 2016 ).
The grain sizes followed a power-law distribution n(a) ∝ a −q (where a is the grain radius) from a min to a max with q and a max as free parameters and a min fixed to 0.05 µm. We computed the opacities with 100 grain size bins at 300 wavelength points. The dust opacity was assumed to be constant throughout the disk. Spatial variations in grain properties are best studied with well-resolved images of disks at multiple radio wavelengths (e.g. Pérez et al. 2015; Tazzari et al. 2016; Tripathi et al. 2018) , rather than from the analysis of unresolved SEDs, as we conduct here.
We performed radiative transfer modeling with RADMC-3D (Dullemond et al. 2012 ) on a spherical coordinate grid. The radial grid spacing was divided into two regions in order to enhance the density of grid cells near the inner edge of the disk (as recommended by the RADMC-3D instruction manual), with the inner region from r in to 3 r in and the outer region from 3 r in to r out . Each region had 60 radial grid steps distributed logarithmically. The grid spacing in polar angle θ was also divided into multiple regions to enhance the grid spacing near the disk midplane, with 10 grid steps from 0.1 to 1 rad, 80 grid steps from 1 to π − 1, and another 10 grid steps from π − 1 to π − 0.1. The grid spacing was uniform in each region. Because we assumed azimuthal symmetry, we used only two cells in azimuth. The dust density in each cell was determined from Equation 5, calculated at the center of the cell.
For the stellar spectrum (the central radiation source for the radiative transfer), we used the PHOENIX "BTsettl" models (Baraffe et al. 2015 ) for stars T < 7000 K and ATLAS9 models (Castelli & Kurucz 2004) when T > 7000 K. Each radiative transfer model was performed in two steps. In the first step, the temperature of the dust was computed in each cell. We used 10 7 photons at 200 wavelengths distributed logarithmically from 0.1 to 5000 µm. We found that this many photons was necessary to maintain low noise in the temperature profile of the most dense disk models. We modeled the star as a spherical emitter, and we used the modified random walk algorithm. We did not include accretion heating in the disk, as this is typically only relevant in a small re-gion of the overall disk. We also did not include heating from an external background radiation field, as previous radiative transfer studies of disks in this region have found this to have a negligible effect on the dust temperature (van der Plas et al. 2016 ). In the second step, the emission from the disk was simulated, yielding the model SED. We used 10 4 photons to model the SED at 200 wavelengths from 0.1 to 5000 µm. Scattered light from the dust in the disk was not included in the model SED, but the direct contribution of flux from the star was included.
Exploration of Model Parameters
To explore the effects of the model parameters, we constructed a fiducial model and varied each parameter individually from its fiducial value. The eight free parameters are summarized in Table 1 . The fiducial model has M dust = 10 −4 M , r in = 0.1 au, r c = 100 au, H 100 = 10 au, β = 1.15, a max = 10 4 µm, q = 3.5, and i = 40
• . We fixed the stellar parameters to T = 3500 K and L = 0.5 L .
The effect on the model SED is presented in Figure  1 . Here M dust has little effect on the SED at short wavelengths where the disk is optically thick, but the flux density at long wavelengths scales roughly linearly with M dust , making (sub-)millimeter observations crucial to measuring dust masses. Increasing r in depletes the disk of hot and warm dust near the star, thus reducing the near-IR and then mid-IR emission from the disk. An SED lacking in short-wavelength excess emission is the characteristic signature of a transition disk with a cleared inner cavity. Compared with other parameters, r c has a smaller influence on the overall SED, with only very small disks having a noticeable effect. Spatially resolved observations of disks are usually required to constrain the disk size. Increasing the scale height, H 100 , increases the amount of the stellar radiation absorbed by the surface of the disk, increasing its temperature and thus its brightness in the infrared. A highly flared disk will intercept more flux in its outer part and less in its inner regions, making the disk brighter in the far-IR and fainter in the near-IR. A flatter (less flared) disk exhibits the opposite behavior. The disk inclination has little effect on the SED except when it is close to edgeon, in which case the central star and inner hot regions of the disk are occulted. The influence of the disk structure on the SED presented here generally agrees with the results from similar studies (e.g. Miyake & Nakagawa 1995; D'Alessio et al. 1999; Woitke et al. 2016) .
The dust grain properties (a max and q) influence the observed disk SED via the opacity spectrum, which we show in more detail in Figure 2 . Smaller a max values shift the entire opacity spectrum higher. They also result in a steeper slope in the (sub-)millimeter regime starting at shorter wavelengths, which translates to a steeper spectral index in the SED. Higher values of q (a steeper grain size distribution and thus more small grains versus large grains) also lead to higher opacity over much of the spectrum and a steeper slope at long wavelengths. The effects of a max and q on the opacity spectrum agree, in general, with calculations performed using Mie theory (Miyake & Nakagawa 1993) . In the bottom panel of Figure 2 , we show the effect on the opacity at 1300 µm (a common wavelength at which disks are observed and their dust masses calculated) by jointly varying a max and q. In this fairly broad range of parameter space, the opacity differed from the commonly assumed value of 2.3 cm 2 /g by up to a factor of ∼4.
The effect on the dust temperature of each parameter (with the other parameters fixed to their fiducial values) is shown in the top row of Figure 3 . This is the massweighted average dust temperature,
with m dust,i the mass of dust in each cell and T dust,i the temperature of the dust in each cell. We find that the size of the disk (r c ) has by far the greatest effect on the disk temperature. Smaller disks can be significantly warmer than is typically assumed for T dust,ana , in agreement with expectations and the findings of Hendler et al. (2017) . Note that for this fiducial model,
We also tested the effect of the model parameters on the optical depth of the disk to its thermal emission. Our primary interest here was to assess the effect of optical depth on the translation from disk flux in the (sub-)millimeter to dust mass (i.e. the assumption inherent in Equation 1 that the disk is optically thin). Thus, we quantify the optical depth with the metric F ν /F ν,thin , where F ν is the flux returned by the radiative transfer model and F ν,thin is the flux that would be expected if the disk were perfectly optically thin to its own thermal emission. We compute the latter as
Equation 8 is the sum of the expected flux from each cell in the model grid. The opacity and distance have been factored out of the sum because they do not vary from cell to cell. When B ν (T dust ) ∝ T dust (as in the RayleighJeans regime), F ν,thin is equivalent to Equation 1 (solved for F ν ) using the mass-weighted average T dust . 
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In the middle row of Figure 3 we show F ν /F ν,thin at 500, 1300, and 5000 µm, and we find, as expected, that the optical depth is lower at longer wavelengths. Of the eight free parameters, higher dust masses and smaller disk sizes lead to the greatest increases in optical depth (lower F ν /F ν,thin ) because they result in a higher surface density. Other parameters that increase the optical depth include smaller r in (more mass in the dense inner region of the disk), lower β (a more vertically compact disk), higher inclinations (more mass along the line of sight), and dust properties (a max and q) that yield a higher κ.
In the bottom row of Figure 3 we show the effect of each parameter on the ratio of M dust (the true mass of the dust in the model) to M dust,ana (the mass derived from the flux density of the model disk at 1300 µm using equations 1 and 2 and κ = 2.3 cm 2 /g). Dust properties yielding low values of κ lead to higher M dust /M dust,ana . Disk properties that increase the optical depth also result in higher M dust /M dust,ana , namely, higher M dust , low β, and high inclinations. The disk size (r c ) has a strong influence on both the disk temperature and optical depth, resulting in a more complicated effect on M dust /M dust,ana . Large disks are optically thin and colder than T dust,ana , leading to a Figure 2. Top-Effect of varying the maximum grain size, amax, on the dust opacity spectrum with the index of the size distribution, q, fixed at 3.5. Middle-Same as above but varying q and fixing amax to 10 4 µm. In both plots, κ = 2.3 g/cm 2 at a wavelength of 1300 µm is indicated with a black point. This is the value commonly assumed by previous studies. Bottom-Effect of jointly varying amax and q on the opacity value at 1300 µm.
higher M dust /M dust,ana . Medium-sized disks have T dust ≈ T dust,ana (20 K), but they are slightly optically thick, and thus M dust /M dust,ana is above unity. Small disks have hotter dust and higher optical depths-effects that act in opposing directions on M dust /M dust,ana -but the optical depth effect is stronger, so M dust /M dust,ana increases.
Disk Size and Dust Mass
Since the disk size and dust mass both have significant effects on the temperature and optical depth, we next explored varying them jointly (while maintaining the other six parameters at their fiducial values). We show the results in Figure 4 . The top panel again shows that the disk temperature depends primarily on disk size (although less massive disks of the same size are also slightly warmer), and that small disks are significantly warmer than assumed for T dust,ana . The center panel illustrates that small and/or massive disks are not entirely optically thin, even at a wavelength of 1300 µm, where Equation 1 is often used. The bottom panel illustrates that M dust can, in principle, be greater or less than M dust,ana , depending on the particular dust mass and disk size. The white line shows the locus where M dust = M dust,ana . In the lower right region of the plot, this locus indicates where these masses agree for the "right" reasons-that is, the disk is truly optically thin and T dust,ana is an accurate measure of the average dust temperature. On the left side of the plot, however, the disks are not optically thin, so the dust masses agree only when the temperature is such that it counterbalances the optical depth effects.
In Figure 5 we show SEDs for both F ν,thin (λ) and the full radiative transfer models for disks with a range of dust masses and disk sizes. This illustrates that the wavelength at which disks become optically thin can vary significantly, depending on these properties. For instance, a large and low-mass disk becomes optically thin in the far-IR, so Equation 1 could be applied relatively accurately to compute the disk mass from Herschel /SPIRE photometry, rather than requiring a (sub-)millimeter detection. On the other hand, a small and massive disk may not be entirely optically thin even at λ ∼ 5 mm, wavelengths where the optically thin assumption is usually not questioned.
The Spectral Index
Also apparent from Figure 5 is that for the model disks that are not entirely optically thin in the (sub-)millimeter, the slope (spectral index) at these wavelengths is shallower than that of F ν,thin (λ). Measuring the spectral index is important for constraining the maximum grain size to study the process of grain growth and to accurately calculate the dust mass (e.g. Beckwith & Sargent 1991; Testi et al. 2014; Ribas et al. 2017) . The spectral index can also vary with the dust composition (Pollack et al. 1994; D'Alessio et al. 2001 ), although we do not explore that dependence here.
In the (sub-)millimeter regime, the opacity spectrum is often approximated as a power law κ(λ) ∝ λ −β . (Note that the use of the variable β here has no relation to the disk flaring parameter.) In the optically thin case, F ν,thin (λ) ∝ B ν (λ)κ(λ). Further assuming that the disk emission is in the Rayleigh-Jeans regime yields F ν,thin (λ) ∝ λ −(β+2) . Thus, from measuring the spectral index (α), the slope of the opacity spectrum can be calculated as β = α − 2.
We used our radiative transfer models to investigate the accuracy of this method for a range of dust masses and disk sizes, and the results are shown in Figure 6 . For the fiducial model dust properties, β ≈ 1 (measured between wavelengths of 1 and 3 mm), so if these assumptions hold, we would expect α ≈ 3. We find that both the full radiative transfer model, F ν (λ), and the optically thin model, F ν,thin (λ), have lower (shallower) spectral indices than this ideal expectation. For the optically thin case, the shallower spectral index is a result of the disk emission not being perfectly in the Rayleigh-Jeans regime. The discrepancy is minimized for smallerand thus warmer-disks for which the Rayleigh-Jeans approximation is more accurate. The additional discrepancy between the optically thin spectral index and that of the full radiative transfer model is due to optical depth effects. As expected, this discrepancy is more pronounced for smaller and more massive disks. The fact that optical depth tends to decrease the spectral index can be understood by considering the limiting case of a completely optically thick disk, for which F ν,thick (λ) ∝ B ν (λ), and thus α 2. The complications that arise when interpreting the spectral index due to temperature and optical depth effects have been discussed in the literature (e.g. Beckwith et al. 1990; Testi et al. 2001; Andrews & Williams 2005; Ricci et al. 2012) . We find that radiaitve transfer models provide a valuable tool to isolate and quantify these effects. In this section, we illustrated some of the complications involved when retrieving fundamental disk properties from observed SEDs. Fortunately, these complications can be accounted for when interpreting observations by fitting them with radiative transfer models. In Section 3, we fit models to the observed SEDs of disks in the Taurus-Auriga star-forming region.
MODELING TAURUS DISKS
Target Selection and Data
We adopted the sample of class II sources in Taurus from Andrews et al. (2013) , which they argued was fairly complete. This totaled 178 systems. For the stellar properties (T , L ), we used the best-fit values from Table 4 of Andrews et al. (2013) .
We discarded systems from our sample that were (1) edge-on disks or (2) disks in close binary or multiple systems. Edge-on disks obscure the star to some degree, so the inferred disk and stellar properties become correlated. In our fitting procedure, however, we keep the Figure 4 . Effect of jointly varying the dust mass and disk size while holding other disk parameters fixed to the fiducial values on the average dust temperature (T dust ; top), the optical depth (as described by Fν /F ν,thin at 1300 µm; middle), and M dust /M dust,ana (bottom). The white line in the bottom panel marks where the ratio is unity.
stellar properties fixed for a given source. Furthermore, a nonnegligible contribution to the optical and near-IR flux of edge-on systems may come from scattered light (e.g. Luhman et al. 2007 ), which is not included in our models. Some of the systems we discarded may actually be class I (embedded) sources, which can be mistaken for edge-on class II disks, but in either case, removal from the sample is appropriate. We discarded close binary/multiple systems for which disk emission could not reliably be attributed to a specific star. In these cases, Andrews et al. (2013) assigned (sub-)millimeter detections to the primary components and upper limits on the flux to the secondaries. We do not adopt this procedure, as ALMA observations by Akeson & Jensen (2014) have found that circumsecondary disks can be more massive than circumprimary disks. Only in cases where high-resolution observations (that resolve the components) show only one star hosting a significant disk do we assign the full measured SED to that star. In cases where multiple components host disks that are resolved at some wavelengths but not others, we simply exclude the confused data points from our fitting. We do include a few cases of known circumbinary disks, for which we modeled the central star with
. We fit models to 132 disks from the original sample of 178. Notes on specific systems-including those that we discarded from the Andrews et al. (2013) sample-are given in the Appendix.
We used the photometry for each target provided by Andrews et al. (2013) . To this, we added additional measurements from the literature, primarily at far-IR and (sub-)millimeter wavelengths. These new data are listed in Table 2 . Our compiled photometry is the most complete set of SED data yet assembled for class II sources in Taurus. We dereddened the data using A V values for each target from Table 4 of Andrews et al. (2013) and extinction curves from McClure (2009). Total uncertainties were computed from the combination in quadrature of the statistical and calibration uncertainties. To ensure that no data point was weighted too highly in our fitting, any point with a final uncertainty of < 5% was scaled up to 5%. We excluded some data points from the fitting, typically those at UV-to-visible wavelengths that showed an excess above the photosphere model. This excess luminosity is likely due to accretion, which is not accounted for in our models. The reasons for excluding other measurements are described for individual targets in the Appendix.
SED Fitting Procedure
We fit models to the SED of each target using the Markov chain Monte Carlo (MCMC) software package emcee (Foreman-Mackey et al. 2013) . We ran 300 walkers in parallel for each target. The model generation and fitting was run on the University of Arizona High Performance Computing system.
We varied the eight free parameters introduced in Section 2. For parameters that were likely to vary by more than an order of magnitude, we used the base-10 log of the parameter in the fitting. The starting parameters for each walker were selected randomly from a uniform distribution, as noted in Table 1 . The spectral indices of the full radiative transfer models are shown in black, and those of the optically thin models are shown in blue. These are compared with β + 2 (green), the expectation for α in the case of a completely optically thin disk in the Rayleigh-Jeans regime. The difference between the green and blue lines is due to deviations from the Rayleigh-Jeans regime, and the difference between the blue and black lines is due to optical depth effects.
The natural log of the likelihood (the goodness-of-fit metric used by emcee) was computed as
where F ν,model are the model flux density values interpolated onto the observed wavelengths, and erfc is the complementary error function. The first sum in Equation 9 is over the detected flux density measurements and equivalent to the usual χ 2 metric. The second sum is over the nondetection measurements (F ν,ul,j is the 1σ upper limit) and based on the formalism by Sawicki (2012). The fit, as indicated in Equation 9, was performed on the log of the flux densities. We found that, in practice, Equation 9 is weighted toward fitting the detections, with a comparatively small penalty induced when models violated upper-limit measurements. For some systems, this turned out to be beneficial, as there were measured detections at higher flux densities than upper limits reported at the same wavelengths, and it was our preference that the fits should prioritize the detections. Parameters were bounded to the ranges given in Table  1 . When emcee selected a model with one or more parameters outside of these ranges, the radiative transfer was not performed, and ln P was set to −∞. We chose these bounds to be as nonrestrictive as possible, i.e. not influenced by prior modeling of disks or theoretical predictions. We examined the distributions of the model parameters versus the steps of the MCMC to identify where the results converged, and we discarded all previous steps in the chains. The remaining steps defined the posterior set of models used for our analysis.
Disk Size Constraint
In section 2, we showed that the disk size has a large influence on the dust temperature and optical depth and thus on the derived dust mass. However, we also showed in Figure 1 that the disk size has only a minor effect on the observed SED and thus is difficult to constrain from fits to SEDs alone.
With this in mind, we performed our fitting of each target again, the second time with an external constraint on the disk size imposed. This constraint was the relation between disk size and submillimeter brightness established by Tripathi et al. (2017) from spatially resolved observations of disks at 880 µm, specifically, log R eff = (2.12 ± 0.05) + (0.5 ± 0.07) log F ν .
Here R eff is the radius of the (inclination-deprojected) disk image that encompasses 68% of the total flux density at 880 µm. The relation was derived using disks from Taurus and Ophiuchus, but many of our targets were not included, so we could not adopt individual disk sizes directly. For each model SED generated during our fitting process, we also generated a model disk image 2 at 880 µm from which we computed R eff . We compared this with the R eff expected from equation 10 based on the model total flux density at 880 µm, and we computed the χ 2 metric with the uncertainty factor calculated from combining in quadrature the uncertainties on the slope and intercept of equation 10 with 0.2 dex of scatter (Tripathi et al. 2017) . We then added this χ 2 as an extra term to the fit metric given by Equation 9.
However, this alone would have resulted in the disk size constraint influencing ln P with approximately the same weight as a single photometric data point in the SED fit, so we opted to increase its weight to be of equal order to the entire SED fit. We examined the magnitudes of the size constraint χ 2 terms compared with the SED fit ln P terms in the posterior set of models from the initial fitting (without the size constraint included in the fitting). The factor by which to increase the weighting was the ratio of the median of the latter to the median of the former. This extra weighting factor was determined for each target individually and then applied when running the second fit (with the size constraint included).
In Figure 7 we illustrate the effect of including the size constraint in the fitting. Both panels plot R eff versus F ν at 880 µm, and the red line shows the size constraint itself (Equation 10 ). The top panel shows the unconstrained results for reference. The majority of disks tend to be larger than the external constraint would predict, and the range of disk sizes in the posterior set of models for each target is large. The bottom panel shows the results with the size constraint implemented. The disks are overall smaller than without the size constraint, and they have smaller ranges of sizes. Most disks fall onto the constraint, although the faintest disks exhibit a worse agreement with the trend. Tripathi et al. (2017) measured the relation with disks as faint as log(F ν /Jy) ≈ -1.5, and Andrews et al. (2018) recently confirmed that it holds to disks that are an order of magnitude fainter. Nevertheless, our application of the size constraint to the faintest disks in our sample still represents an extrapolation of the trend. The most significant outliers above the trend include V410 X-ray 7 AB, J04334171+1750402, J04403979+2519061 AB, V819 Tau, and JH 56. The SEDs of these sources suggest that they are transition disks (or, in the case of JH 56, perhaps a cold debris disk). The need for a deficit of warm dust does not allow their SEDs to be fit with disks as small as the external constraint would require.
Results
The results of the MCMC fits are given in Tables 3 (without the size constraint) and 4 (with the size constraint). Each quoted value is the median of the posterior sample of models, with uncertainties spanning the 5.9-84.1 percentiles of the sample. We show the fits to the SEDs in Figure 8 . Models shown in blue were fit without the size constraint, while those shown in orange were fit with the size constraint. We were not able to achieve adequate fits to five of our targets (DH Tau A, J04213459+2701388, J04330945+2246487, UX Tau A, and V892 Tau AB). We exclude these targets from our demographic analysis, note them with an asterisk in Figure 8 and Tables 3 and 4 , and discuss them further in the Appendix. Figure 9 shows the distributions of the median values of the eight free parameters plus κ, T dust , F ν /F ν,thin , and log(M dust /M dust,ana ) from the fits both with and without the size constraint. With the size constraint, the disks are systematically smaller and warmer, and few are entirely optically thin. Without the size constraint, the F ν /F ν,thin distribution peaks around 1 with a tail toward more optically thick disks. The other parameters show no significant difference when fitting with or without the size constraint. The dust opacities show a range of values, but the distribution is strongly peaked 10). The top panel shows the results of the fitting without the constraint included, and bottom shows those with the constraint. The points outlined in black and with black error bars are systems with detections at λ > 500 µm, while those in gray have no measurements or only upper limits at λ > 500 µm.
near the often-assumed value of 2.3 cm 2 /g. The dust masses of most disks found from radiative transfer modeling are systematically higher than M dust,ana by a factor of ∼1-5. We note that other detailed SED modeling studies have also found dust masses larger than predicted by M dust,ana ; e.g., Maucó et al. (2018) found M dust /M dust,ana of ∼3 and ∼6 for two disks they modeled. Figure 8 . Model fits to the measured SEDs. The data are plotted in black circles (detections) and gray triangles (3σ upper limits). Open circles are points that were excluded from the fitting. The stellar photosphere is shown in green. The shaded regions show the range (15.9%-84.1%) of flux densities from the posterior sample of model fits, with the solid lines showing the median model. Models shown in blue were fit without the size constraint, while models shown in orange were fit with the size constraint. Systems marked with an asterisk were not well fit by our model and were excluded from our subsequent analysis. A subset of our targets is shown here; the complete figure set (11 images) is available in the online journal. Figure 9 . Results of our fitting for the eight free parameters plus κ (at 1300 µm), T dust , Fν /F ν,thin (also at 1300 µm), and log(M dust /M dust,ana ). The histograms show the distributions of the median values from the posterior sample of models for each target. Blue histograms are from the fits without the size constraint, and orange are from the fits with the size constraint. 4. DISCUSSION
Fidelity of Previous Assumptions
Our modeling allows us to evaluate the assumptions that are typically employed when computing disk dust masses using Equation 1. The median values of the dust opacities (at 1300 µm) peak near the assumed value of 2.3 cm 2 /g (Figure 9 ), so this assumption is warranted. However, we find from our fitting that the uncertainty on κ remains a significant source of uncertainty on the dust masses. Measurements at additional (sub-)millimeter wavelengths can reduce this uncertainty, and imposing independent constraints on the dust properties (e.g. from theoretical expectations) would help as well.
Radiative transfer models calculate the temperature of a disk in a realistic manner given the dust density distribution and the luminosity and spectrum of the central star, so they are well suited to test the common prescriptions for assigning a dust temperature. In Figure  10 , we plot T dust versus L compared with the relation for T dust,ana given in Equation 2 and used by Andrews et al. (2013) . For our fits without the size constraint, the dust temperatures tend to increase with L and are generally consistent with the T dust,ana relation, although the uncertainties on the dust temperatures are quite large owing to the large range of disk sizes. For the fits with the size constraint, T dust also increases with L , but the absolute temperatures overall are higher than T dust,ana because, as we showed in Figures 7 and 9 , the size constraint forces disks to be smaller.
Radiative transfer models are also well suited to test the assumption inherent in Equation 1 that disk (sub-)millimeter emission is entirely optically thin. We find that when disk sizes are independently constrained, very few of them remain optically thin. Even the model fits where the disk sizes are not constrained (and the disks tend to be larger), the disks are not all optically thin. Thus, the optically thin assumption has the effect of systematically underestimating dust masses for a sample of disks.
Planet-forming Potential
The mass of dust in protoplanetary disks is commonly used as an indicator of their planet-forming potential. However, ensembles of disk dust masses measured using Equation 1 are in tension with the masses of planets seen in mature planetary systems (Najita & Kenyon 2014) . Too few disks have enough dust mass to form the observed planets. A plausible solution is that the formation of planetesimals (and possibly planets) proceeds rapidly, such that a significant amount of solid mass has already been sequestered in larger bodies by the time disks reach the class II stage. The detection of annular gaps (thought to be opened by planets) in the disks of the young HL Tau system (ALMA Partnership et al. 2015) and at least one embedded class I system (Sheehan & Eisner 2018 ) support this explanation. Our results offer another potential solution to this tension: that Equation 1 systematically underestimates dust masses.
To quantify the planet-forming potential of our derived dust masses, we plot their cumulative distribution in Figure 11 . We compare the dust masses to a benchmark value of 10 −4 M , a common estimate for the minimum-mass solar nebula. This value tacitly assumes a gas-to-dust ratio of 100. We find that 18% of the systems in our Taurus sample have M dust,ana > 10 −4 M , whereas 28% and 31% have M dust > 10 −4 M from the Figure 11 . Cumulative distribution of dust masses, i.e, the fraction of disks in our sample with dust masses at least as great as the x-axis value. The M dust,ana values are in black, and our radiative transfer models with and without the imposed size constraint are shown in orange and blue, respectively. The vertical gray dotted line indicates the minimummass solar nebula.
radiative transfer fits with and without the size constraint, respectively. The fraction of disks with dust masses of at least the minimum-mass solar nebula derived from our radiative transfer modeling are in agreement with the inferred occurrence rate for giant planets around FGK stars of ∼ 25% (Clanton & Gaudi 2014) .
Dust Mass vs. Stellar Mass
Trends have been observed between the disk (sub-)millimeter flux density and stellar mass and between the disk dust mass and stellar mass for disks in Taurus (Andrews et al. 2013; Ward-Duong et al. 2018 ) and other regions (e.g. Pascucci et al. 2016 ). Here we look for these same trends in the results of our radiative transfer model fits to Taurus disk SEDs. As was done in the previous works, we used power-law fits to search for the correlations, i.e. log(F ν /Jy) = A + B log(M /M ) and log(M dust /M ) = A + B log(M /M ). The disk flux was taken at a wavelength of 1300 µm. We looked for these correlations only using the model fits with the size constraint implemented.
Since we have additional information provided by our MCMC fitting routines, we are able to improve upon previous work in a couple of important ways. First, we did not use upper limits on the disk flux density or dust mass. This is because, even for targets without (sub-)millimeter detections, our models yielded dust masses and flux densities based on fits to the SED data that were available. Second, previous studies treated the uncertainties in their quantities as Gaussian errors and used a fitting algorithm appropriate for that assumption. We opted for a Monte Carlo approach to sample from the posterior set of models resulting from the MCMC fit to each target. We performed 10,000 samples. For each sample, we drew one value of our parameter of interest (F ν or M dust ) and one value of M for each target. We used the M values from Table  3 of Andrews et al. (2013) , which gives three different values for each target, derived using three different stellar evolution models. We performed the fit three times, once for each of these M determinations, as was done by Andrews et al. (2013) . We sampled the M values by assuming that the confidence intervals described an asymmetric Gaussian distribution (the given confidence intervals were often not symmetric). We did this by first taking a 50% chance of the value being above or below the central value, then determining the magnitude of the deviation from that central value by sampling from a Gaussian with a standard deviation being the confidence interval from the appropriate side of the distribution.
With sample values selected for each target, the bestfit values of B and A were computed for the power-law fit as
and
The same formulae were used with M dust replaced by F ν to fit for the correlation of flux density with stellar mass. We then examined the distribution of all 10,000 A and B values to ascertain the statistical significance of the correlations. The results are listed in Table 5 . The samples of fits are shown along with the distribution of B values in Figures 12 and 13 . We find that the 1300 µm flux density does correlate with M to a high degree of statistical certainty, and the slope of the relation is roughly linear (or slightly steeper than linear). We are not able to recover a significant correlation between M dust and M ; a positive correlation is evident only at the 2σ level. This is not surprising, considering previous studies mapped disk flux density to dust mass with analytic relations with the error on the flux density measurement as the primary source of uncertainty. Our fitting procedure explored many disk parameters; thus, there were many contributions to our robustly determined dust mass uncertainties.
5. SUMMARY 1. We used radiative transfer models to investigate the effect of various parameters on a disk's SED, opacity, temperature, and optical depth in order to better understand the validity of the assumptions commonly used to derive dust masses from (sub-)millimeter flux density measurements.
2. The disk size and dust mass have the largest effects on the temperature and optical depth. Small disks are warmer but more optically thick-competing factors in determining the (sub-)millimeter disk flux density for a given mass.
3. The spectral indices of disks are shallower than would be expected for optically thin emission in the Rayleigh-Jeans regime. For small disks, the optical depth effects contribute most to the discrepancy, while for large disks (which are colder), the deviation from the Rayleigh-Jeans approximation contributes most to the discrepancy.
4. We fit radiative transfer models to the SEDs of 132 protoplanetary disks in Taurus. We performed the fits twice, once with unconstrained disk sizes and once with the known disk size-brightness relation imposed. The addition of the size constraint forced the disks to be smaller, warmer, and more optically thick.
5. We found that the dust opacity values are typically peaked around the canonical value of 2.3 cm 2 /g at 1300 µm.
6. The disk temperatures show a trend with L , as proposed by some previous studies. However, the size-constrained results have temperatures that are systematically warmer than the previously proposed relations.
7. The radiative transfer model fitting finds the dust masses to be higher than derived using millimeter photometry alone by a factor of ∼1-5. Using the results from radiative transfer models significantly increases the number of disks in the sample with dust masses greater than the minimum-mass solar nebula. This eases the tension between measured dust masses and the masses of planets in mature systems.
8. We recover the previously found correlation between disk millimeter flux density and stellar mass, but we only measure a positive correlation between dust mass and stellar mass at the 2σ confidence level.
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